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Abstract

Several binless spike train measures which avoid the limitations of binning have been

recently been proposed in the literature. This paper presents a systematic comparison of

these measures in three simulated paradigms designed to address specific situations of interest

in spike train analysis where the relevant feature may be in the form of firing rate, firing rate

modulations and/or synchrony. The measures are first disseminated and extended for ease

of comparison. It is also discussed how the measures can be used to measure dissimilarity in

spike trains’ firing rate despite their explicit formulation for synchrony.

Keywords: Distance measures; Spike train analysis.

1 Introduction

Spike train similarity measures or, conversely, dissimilarity measures are important tools to quan-
tify the relationship among pairs of spike trains. Indeed, the definition of such a measure is
essential for classification, clustering or other forms of spike train analysis. For example, just by
using a distance (dissimilarity) measure it is possible to decode the applied stimulus from a spike
train [1, 2, 3, 4]. This is possible because the measure is used to quantify how much the spike
train differs from a “template” or sets of reference spike trains for which the input stimulus is
known and, hence, classified accordingly (see figure 1). However, naturally the success of this
classification is dependent on the discriminative ability of the measure.

A traditional measure of similarity between two spike trains is to measure the (empirical)
cross-correlation of the binned spike trains [5]. If the bin size is large compared to the average
inter-spike interval (ISI), binning provides a crude estimate of the instantaneous firing rate [6]. In
this perspective, and assuming ergodicity, cross-correlation is a similarity measure of the estimated
intensity functions, which is plausible only under the hypothesis that neurons encode information
through modulation of the firing rates [7, 6]. However, recent studies have found evidence that
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Figure 1: Typical experimental setup for classification using spike train dissimilarities. In this
setup the measure is utilized to quantify the dissimilarity between the new spike train and the
reference spike trains for each of the stimulus. Then, the unlabeled stimulus is inferred as the one
corresponding to the class for which the new spike train has smaller average dissimilarity.

information may also be encoded in the precise timing of action potentials [8, 9, 10]. Again,
binning has also been employed with small bin sizes [9, 11, 12, 13, 14]. But the small bin size can
lead to boundary effects due to the quantization of the spike times [15] and estimation problems,
which require longer averaging windows where stationarity must be assumed. For these reasons,
measures based on binning of the spike trains are discouraged.

To avoid the difficulties associated with binning and to prevent estimation errors of information
when binning is done, several binless spike train dissimilarity measures have been proposed. These
include the Victor-Purpura’s (VP) distance [1, 2],1 van Rossum’s distance [16], the correlation-
based measure proposed by Schreiber et al. [17], the inter-spike interval (ISI) distance [18], the
reliability (similarity) measure proposed by Hunter and Milton [19], and the metrics recently
introduced by Houghton [4] which generalize the van Rossum’s distance. Moreover, the VP and
van Rossum’s distance have been generalized to simultaneously measure the distance between sets
of spike trains [20, 21, 22].

These measures have been utilized in different neurophysiological paradigms (see Victor [23]
and references within) and for different tasks, such as classification [1, 2] and clustering of spike
trains [24, 25, 26]. However, in our opinion, in neither of these works was the choice of the
measure used properly argued versus the candidates. Some of these metrics have been compared
previously [27, 18, 22, 28], however, the comparison has often focused on a single paradigm
or recording dataset. Although these comparisons are clearly important, the comparison on a
particular setting is not informative of the general asymptotic properties of the metrics for different
cases. In this paper we analyze the discriminative performance of these spike train measures in
multiple paradigms, from firing rate to synchrony. By analyzing the discrimination capability

1Actually, in their works, Victor and Purpura [1, 2] proposed not one but several spike train distances. Namely,

Dspike[q], Dinterval[q], Dcount[q] and Dmotif [q]. In this study, and as in most references to their work, VP distance

refers to Dspike[q].
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we are indirectly measuring which spike train metric is most informative about the differences
between spike trains. In this paper we compare three from the aforementioned metrics: the
VP and van Rossum’s distance, and Schreiber’s et al.’s correlation measure. These measures
were chosen because, (1) they have been utilized for data analysis and/or in the development of
machine learning algorithms, (2) they have been utilized in neurophysiological studies, and (3)
they generalize directly across timescales.

An important issue for data analysis and for this comparison is that of the “spike encoding
hypothesis.” The three measures considered here were motivated by the perspective of a neuron
as a coincidence detector [29], a fact which is explicitly stated by Victor and Purpura [1] and
Victor [23] with regard to the VP distance, and in the presentation done by Schreiber et al. [17].
Yet, it is still unclear how neurons encode information [30]; if through firing rate modulation,
precise spike timing, or both (cf. de Ruyter van Steveninck et al. [31]). Nevertheless, as is shown
here, despite the assumed hypothesis of temporal coding, these binless spike train distances do not
distinguish these assumptions of the neural code. In fact, given that the “smoothing parameter”
is appropriately set these measures can cope with any of the above referred neural codes. Roughly
speaking, the smoothing parameter controls the time-scale at which the distance analysis is done,
much like the bin size, but without time quantization. If the time-scale associated with the
smoothing parameter is small compared with the average ISI then the measures quantify how
closely the spikes from one spike train occur to spikes in the other. Conversely, if this time-scale is
large, then the measures approximate a form of dissimilarity in the firing rate, and ultimately in
the spike count [2, 16]. This multi-scale nature of the measures is explored in the analysis, where
the measures are compared for their discriminative characteristics with regard to distinguishing
features in spike trains such as firing rate, firing modulation phase and synchrony.

As the presentation in section 2 shows, each measure implies a given kernel function that
measures similarity in terms of a single pair of spike times. Another issue addressed here was to
what extent this kernel affects the performance of each measure. This factor was also explored,
by first analyzing how the measures can be formulated in general, showing results for a set of four
kernels commonly used. By evaluating the measures using all of these kernels we intended to make
the comparison kernel independent, and show the connection and generality of the principles used
in designing the measures.

2 Binless spike train dissimilarity measures

In this section, the VP distance, van Rossum’s distance, and Schreiber’s correlation measure are
briefly reviewed. To aid the practitioner, we also discuss some recent developments that allow for
efficient implementation of the distances.

2.1 Victor-Purpura’s distance

Historically, Victor-Purpura’s (VP) distance [1, 2] was the first binless distance measure proposed
in the literature. Two key design considerations in the definition of this distance were that it
needed to be sensitive to the absolute spike times and would not correspond to Euclidean distances
in a vector space. The first consideration was due to the fact that the distance was initially to be
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utilized to study temporal coding and its precision in the visual cortex. As stated by the authors,
the basic hypothesis is that a neuron is not simply a rate detector but can also function as a
coincidence detector. Within this respect the distance is well motivated by neurophysiological
ideas. The second consideration is because, in this way it is “not based on assumptions about
how responses should be scaled or combined” [1].

The VP distance defines the distance between spike trains as the cost in transforming one
spike train into the other. Three elementary operations in terms of single spikes are established:
moving one spike to perfectly synchronize with the other, deleting a spike, and inserting a spike.
Once a sequence of operations is set, the distance is given as the sum of the cost of each operation.
The cost in moving a spike at tm to tn is q|tm − tn|, where q is a parameter expressing how costly
the operation is. Because a higher q means that the distance increases more when a spike needs
to be moved, the distance as a function of q expresses the precision of the spike times. The cost
of deleting or inserting a spike is set to one.

Since the transformation cost for the spike trains is not unique, the distance is not yet well
defined. Moreover, this criterion needs to guarantee the fundamental axioms of a distance measure
for any spike trains Si, Sj and Sk:

(i) Symmetry: d(Si, Sj) = d(Sj , Si)

(ii) Positiveness: d(Si, Sj) ≥ 0, with equality holding if and only if Si = Sj

(iii) Triangle inequality: d(Si, Sj) ≤ d(Si, Sk) + d(Sk, Sj).

To ensure the triangle inequality and uniqueness of the distance between any two spike trains,
the sequence which yields the minimum cost in terms of the operations is used. Therefore, the
VP distance between spike trains Si and Sj is defined as

dVP(Si, Sj) , min
C(Si↔Sj)

∑
l

Kq

(
tici[l]

, tjcj [l]

)
, (1)

where C(Si ↔ Sj) is the set of all possible sequences of elementary operations that transform Si

to Sj , or vice-versa, and c(·)[·] ∈ C(Si ↔ Sj). That is, ci[l] denotes the index of the spike time
of Si manipulated in the lth step of a sequence. Kq(tici[l]

, tjcj [l]
) is the cost associated with the

step of mapping the ci[l]th spike of Si at tici[l]
to tjcj [l]

, corresponding to the cj [l]th spike of Sj , or
vice-versa. In other words, Kq is a distance metric between two spikes.

Suppose two spike trains with only one spike each, the mapping between the two spike trains
is achieved through the three aforementioned operations and the distance is given by

Kq(tim, tjn) = min
{
q|tim − tjn|, 2

}
=

{
q|tim − tjn|, |tim − tjn| < 2/q

2, otherwise.

(2)

This means that if the difference between the two spike times is smaller than 2/q, the cost is
linearly proportional to their time difference. However, if the spikes are farther apart, it is less
costly to simply delete one of the spikes and insert it at the other location. Shown in this way, Kq

is nothing but a scaled and inverted triangular kernel applied to the spike times. This perspective
of the elementary cost function is key to extend this cost to other kernels, as we will present later.
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Figure 2: (a) Spike train and (b) corresponding filtered spike train utilizing a causal exponential
function (equation (4)).

At first glance it would seem that the computational complexity would be unbearable because
the formulation of the algorithm describes the distance in terms of a full search through all
allowed sequences of elementary operations. Luckily, efficient dynamic programming algorithms
were developed which reduce it to a more manageable level of O(NiNj) [1], i.e., the scaled product
of the number of spikes in the spike trains whose distance is being computed.

2.2 van Rossum’s distance

Similar to the VP distance, the distance proposed by van Rossum [16] utilizes the full resolution of
the spike times. However, the approach taken is conceptually simpler and more intuitive. Simply
put, van Rossum’s distance [16] is the Euclidean distance between the exponentially filtered spike
trains.2

A spike train Si defined on the time interval [0, T ] and spike times {tim : m = 1, . . . , Ni} can
be written as a continuous-time signal as a sum of time-shifted impulses,

Si(t) =
Ni∑

m=1

δ(t − tim), (3)

where Ni is the number of spikes in the recording interval. In this perspective, the filtered spike
train is the sum of the time-shifted impulse response of the smoothing filter, h(t), and can be
written as

fi(t) =
Ni∑

m=1

h(t − tim). (4)

For the smoothing filter, van Rossum [16] proposed to use a causal decaying exponential function,
written mathematically as h(t) = exp(−t/τ)u(t), with u(t) being the Heaviside step function
(illustrated in figure 2). The parameter τ in van Rossum’s distance controls the decay rate of the
exponential function and, hence, the amount of smoothing that is applied to the spike train. Thus,
it determines how much variability in the spike times is allowed and how it is combined into the
evaluation of the distance. In essence, τ plays the reciprocal role of the q parameter (equation 2)
for the VP distance. The choice for the exponential function was due to biological considerations.
The idea is that an input spike will evoke a post-synaptic potential at the stimulated neuron
which, simplistically, can be approximated through the exponential function [6].

2Filtered spike trains correspond to what is often referred to as “shot noise” in the point processes literature

[32, Section 16.3].
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In terms of their filtered counterparts, it is easy to define a distance between the spike trains.
An intuitive choice is the usual Euclidean distance, L2([0, T ]), between square integrable functions.
The distance between spike trains Si and Sj is therefore defined as

dvR(Si, Sj) , 1
τ

∫ ∞

0

[fi(t) − fj(t)]
2
dt. (5)

The van Rossum distance also seems motivated by the perspective of a neuron as a coincidence
detector. This perspective may be induced by the definition. When two spike trains are “close”
more of their spikes will be synchronized, which translates into a smaller difference of the filtered
spike trains and therefore yields a smaller distance. Despite this formulation, the multi-scale
quantification capability of the distance was noticed before by van Rossum [16]. The behavior
transitions smoothly from a count of non-coincidence spikes to a difference in spike count as the
kernel size τ is increased. This perspective can be obtained from equation (4) if one notices
that it corresponds to kernel intensity estimation with function h [33]. In broader terms one can
thus think of van Rossum’s distance as the L2([0,∞)) distance between the estimated intensity
functions at time scale τ . Thus, van Rossum’s distance can be used to measure the dissimilarity
between spike trains at any time scale simply by selecting τ appropriately.

Evaluation of the distance is numerically straightforward, as it directly implements the previous
equations. But explicit computation of the filtered spike trains and integral in a discrete-time
simulation is computationally more intensive than evaluating the VP distance which depends
only on the number of spikes in the spike trains. Furthermore, the computation burden would
increase proportional to the length of the spike trains and inversely proportional to the simulation
step. However, as shown by Paiva et al. [34], and utilized in Paiva et al. [25], the van Rossum’s
distance can be evaluated in terms of a computationally effective estimator with order O(NiNj),
given as

dvR(Si, Sj) =
1
2

 Ni∑
m=1

Ni∑
n=1

Lτ (tim − tin) +
Nj∑

m=1

Nj∑
n=1

Lτ (tjm − tjn)

 +
Ni∑

m=1

Nj∑
n=1

Lτ (tim − tjn), (6)

where Lτ (·) = exp(−| · |/τ) is the Laplacian kernel. Thus, this distance can be computed with the
same computational complexity as the VP distance. It should be remarked that the Laplacian
kernel plays a different role than that of the smoothing filter mentioned earlier. The smoothing
filter describes the rate of change of the distance, whereas the Laplacian kernel contributes directly
to the distance, much like the kernel Kq. This follows because the Laplacian kernel arises from
the autocorrelation function (with integration over time) of the smoothing filter.

2.3 Schreiber et al. induced divergence

The third dissimilarity measure considered in this paper is derived from the correlation-based
measure proposed by Schreiber et al. [17]. Like van Rossum’s distance, the correlation measure
was also defined in terms of the filtered spike trains. Instead of using the causal exponential
function, however, Schreiber and coworkers proposed to utilize the Gaussian kernel. The core
idea of this correlation measure is the concept of dot product between the filtered spike trains.
Actually, in any space with an inner product two types of quadratic measures are naturally
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induced: the Euclidean distance, and a correlation coefficient-like measure, due to the Cauchy-
Schwarz inequality. The former corresponds to the concept utilized by van Rossum, whereas the
latter is conceptually equivalent to the definition proposed by Schreiber and associates. So, in
this sense, the two measures are directly related. Nevertheless, this measure is non-Euclidean like
the VP distance, since it is an angular metric [34].

In defining the measure, write the filtered spike trains as

gi(t) =
Ni∑

m=1

Gσ/
√

2(t − tim), (7)

where Gσ/
√

2(t) = exp[−(t)2/σ2] is the Gaussian kernel. Notice the dependence of the filtering
on σ which plays in this case the same role as τ in the exponential function in van Rossum’s
distance, and is inversely related to q in VP distance. Assuming a discrete-time implementation
of the measure, then the filtered spike trains can be seen as vectors, for which the usual dot
product can be used. Based on this, the Cauchy-Schwarz (CS) inequality guaranties that

|g⃗i · g⃗j | ≤ ∥g⃗i∥ ∥g⃗j∥ , (8)

where gi, gj are the filtered spike trains in vector notation, and g⃗i · g⃗j and ∥g⃗i∥, ∥g⃗i∥ denotes
the filtered spike trains dot product and norm, respectively. The norm is given as usual by
∥g⃗i∥ =

√
g⃗i · g⃗i. Because by construction the filtered spike trains are non-negative functions, the

dot product is also non-negative. Consequently, rearranging the Cauchy-Schwarz inequality yields
the correlation coefficient-like quantify,

r(Si, Sj) =
g⃗i · g⃗j

∥g⃗i∥ ∥g⃗j∥
, (9)

proposed by Schreiber et al. [17]. Notice that like the absolute value of the correlation coefficient,
0 ≤ r(Si, Sj) ≤ 1. Equation (9), however, takes the form of a similarity measure. Utilizing the
upper bound, a dissimilarity can be easily derived,

dCS(Si, Sj) = 1 − r(Si, Sj) = 1 − g⃗i · g⃗j

∥g⃗i∥ ∥g⃗j∥
. (10)

In light of the perspective presented here we shall hereafter refer to dCS as the CS dissimilarity
measure.

The CS dissimilarity, like the previous two measures, can also be utilized directly to measure
dissimilarity in the firing rates of spike trains merely by choosing a large σ. Similar to van Rossum’s
distance, this is shown explicitly in the formulation of the measure in terms of the inner product
of intensity functions, with the time scale specified by σ.

An important difference with regards to the VP and van Rossum’s distances needs to be pointed
out. dCS is not a distance measure. Although it is trivial to prove that it verifies the symmetry
and positiveness axioms, the measure does not fulfill the triangle inequality. Nevertheless, since
it guaranties the first two axioms, it is what is called in the literature a semi-metric [35].

In the definition of the measure, and more importantly in the utilization of the concept of the
dot product, the filtered spike trains were considered finite-dimensional vectors [17]. If this näıve
approach is taken, then the computational complexity in evaluating the measure would suffer from
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the same limitations as the direct implementation of van Rossum’s distance. But, like the latter,
a data effective method can be obtained in the same way to compute the distance [34],

dCS(Si, Sj) = 1 −

∑Ni

m=1

∑Nj

n=1 exp
[
− (ti

m−tj
n)2

2σ2

]
√(∑Ni

m,n=1 exp
[
− (ti

m−ti
n)2

2σ2

])(∑Nj

m,n=1 exp
[
− (tj

m−tj
n)2

2σ2

]) . (11)

Evaluating the distance using this expression has a computational complexity of order O(NiNj),
just like the two previously presented measures. Note that, as pointed out for the van Rossum
distance, the kernel in equation (11) plays a different role than the smoothing filter in equation (7).
The fact that one obtains the gaussian function in both cases is only because the autocorrelation
of a gaussian function is another gaussian function (with different kernel size).

3 Extension of the measures to multiple kernels

From the previous presentation it should be observable that each measure was originally asso-
ciated with a particular kernel function which measures the similarity between two spike times.
Interestingly, the kernel function is found to be different in all three situations. In any case, it
is remarkable that the measures are conceptually different, irrespective of the differences in the
kernel function. To further complete our study we were also interested in verifying the impact
of different kernel functions in each measure. In this section we further develop these ideas. In
particular, we present the details involved in replacing the default kernel for each dissimilarity
measure and, whenever pertinent, intuitively explain how this approach reveals the connections
between the measures. It should be remarked that similar considerations have been presented
previously by Schrauwen and Campenhout [27], although under a different analysis paradigm.

In section 2.1 the distance between two spikes for the VP distance is defined through the
function Kq. This distance represents the minimum cost in transforming a spike into the other in
terms of the elementary operations defined by Victor and Purpura. As briefly pointed out, this
function is equivalent to having

Kq(tim, tjn) = 2
[
1 − κ1/q(tim − tjn)

]
, (12)

where κα is the triangular kernel with parameter α,

κα(x) =

{
1 − |x|/(2α), |x| < 2α

0, |x| ≥ 2α,
(13)

which is, in essence, a similarity measure of the spike times. Notice that this perspective does
not change the non-Euclidean properties of the VP distance since those properties are a result of
the condition in equation (1). Put in this way, it seems obvious that other kernel functions may
be used in place of the triangular kernel, as pointed out by Victor and Purpura [2], Section 2.2.4.

The kernel in the VP distance is not explicit in the definition. Rather, is the cost associated
with the three elementary operations. Similarly, in van Rossum’s distance and the CS dissimilarity
measure the perspective of a kernel operating on spike times is not explicit in the definition. The
difference, however, is that the kernel arises naturally as an immediate byproduct of the filtering
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Figure 3: (a) Kernels utilized in this study and (b) the corresponding Kq function induced by
each of the kernels.

of the spike trains. This result is noticeable in the expressions for efficient evaluation given by
equations (6) and (11). Again, and just as proposed for the VP distance, alternative kernel
functions can be utilized in the evaluation of the dissimilarity measures instead of the proposed
kernel by the original construction.

As said earlier, each of the spike train measures considered here was defined with a different
kernel function. To provide a systematic comparison, each measure was evaluated with four
kernels: the triangular kernel in equation (13), and the Laplacian, Gaussian, and rectangular
kernels,

Laplacian: κτ (x) = exp
(
−|x|

τ

)
(14)

Gaussian: κσ(x) = exp
(
− x2

2σ2

)
(15)

Rectangular: κα(x) =

{
1, |x| < α

0, |x| ≥ α,
(16)

For reference, these four kernels and induced distance function Kq in terms of each of the kernels
are depicted in figure 3. In this way each measure was evaluated for the kernel it was originally
defined for and the other kernels for a fair comparison.

Note that if other kernels where to be chosen these would have to be symmetric, maximum at
the origin, and always positive, to ensure the symmetry and positiveness of the measure. Addition-
ally, for the VP distance to be well posed, the kernels need to be concave so that the optimization
in equation 1 guaranties the triangle inequality. However, the Gaussian and rectangular kernels
are not concave and thus for these kernels the VP measure is a semi-metric. This means that
when these kernels are used the resulting dissimilarity is not a well defined distance. Nevertheless,
we utilize these kernels here regardless since our aims are to study the effect of the this kernel of
the discrimination ability, and also to compare the measures apart from this factor.
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Figure 4: Estimated pdf of the measures for each kernel considered (green) and corresponding
fitted Gaussian pdf (blue). The pdf was estimated by a normalized histogram of the evaluation of
the measure with kernel/bin size 2ms for 1000 pairs of uncorrelated spike trains with mean firing
rate 20 spk/s and jitter noise of 3ms. (See paradigm in section 4.3 for details.)

It is interesting to consider the consequences in terms of the filtered spike trains associated with
the choice of each of the four kernels presented. As motivated by van Rossum [16], the biological
inspiration behind the idea in utilizing filtered spike trains is that they can be thought of as
post-synaptic potentials evoked at the efferent neuron. In this sense, kernels are mathematical
representations of the interactions involved with this idea. As shown before, the Laplacian function
results from the autocorrelation of a one-sided exponential function. Likewise, the Gaussian
function (with kernel size scaled by

√
2) results from its own autocorrelation. The triangular

results from the autocorrelation of the rectangular function. The smoothing function associated
with the rectangular function corresponds to the inverse of the square root of a sinc function.
Based on these observations it seems to us that the Laplacian kernel is, from the four kernels
considered, the most biologically plausible.

4 Results

In this section results are shown for the three dissimilarity measures introduced in terms of a
number of parameters: kernel function, firing rate, kernel size, and, in the last paradigm presented,
synchrony and jitter of the absolute spike times.

Three simulation paradigms are studied. In each paradigm we will be interested in verifying
how well can the dissimilarity measurements discriminate differences in spike trains with regard to
a specific feature. To quantify the discrimination ability of each measure in a scale-free manner,
the results shall be presented and analyzed in terms of a discriminant index defined as

ν(A,B) =
d̄(A,B) − d̄(A,A)√
σ2

d(A,B) + σ2
d(A, A)

, (17)

where d̄(A,A), d̄(A,B) denotes the mean of the dissimilarity measure evaluated between spike
trains from the same and different situations, respectively, and σ2

d(A, A), σ2
d(A,B) denotes the

corresponding variances. The use of a discriminant index was chosen instead of, for example,
ROC plots for ease of display and analysis, and because in this way the conclusions drawn here
are classifier-free. ν(A,B) quantifies how well the outcome of the measure can be used to differ-
entiate the situation A from the situation B. In terms of figure 1, think that

[
d̄(A,A), σ2

d(A,A)
]
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characterizes the distribution of the dissimilarity measure evaluation for spike trains in response
to stimulus A, and

[
d̄(A,B), σ2

d(A,B)
]

characterizes a similar distribution but in which the dis-
similarities are evaluated between a spike train evoked by stimulus A and a spike train evoked by
stimulus B. This is supported by the fact that the distribution of the evaluation of the measures
can be reasonably fitted to a Gaussion pdf (see figure 4). Therefore, the discriminant index is uti-
lized in the simulated experimental paradigms to compare how well the dissimilarity distinguishes
spike trains generated under the same versus different conditions, with regard to a parameter
specifying how different spike trains from different stimulus are. The discriminant index ν is
conceptually similar to that of the Fisher linear discriminant cost [36]. A key difference, however,
is that the absolute value is not used. This is because negative values of the index correspond to
unreasonable behavior of the measure; that is, the dissimilarity measure yields smaller values be-
tween spike trains generated under difference conditions than spike trains generated for the same
condition. Obviously, intuitively the desired behavior is that the dissimilarity measure yields a
minimum for spike trains generated similarly.

For contrast to the binless dissimilarity measures considered, results are also presented for a
binned cross-correlation based dissimilarity measure, denoted dCC. This measure is defined just
like the CS dissimilarity through equation (10). The difference is that now g⃗i and g⃗j are finite
dimensional vectors corresponding to the binned spike trains and, thus, g⃗i·g⃗j is the usual Euclidean
dot product between two vectors. Notice that dCC is in essence equivalent to quantize the spike
times (with quantization step equal to the bin size) and evaluating dCS using the rectangular
kernel, with kernel size equal to half the bin size. Hence, dCC can be alternatively computed
utilizing equation (11). The former approach is more advantageous for large bin size, whereas the
latter is computationally more effective for smaller bin size (larger number of bins).

4.1 Discrimination of difference in firing rate

The first paradigm considered was intended to analyze the characteristics of each measure with
regard to the firing rate of one spike train relatively to another of fixed firing rate. The key
point was to understand if the measures could be used to differentiate two spike trains of different
firing rates. This is important because neurons have been found to often encode information in
the spike train firing rates [37, 6, 7]. To simplify matters, all spike trains were simulated as one
second long homogeneous Poisson processes. Although this simplification is unrealistic, it allows
a first analysis without the introduction of additional effects due to modulation of firing rates in
the spike trains. The scenario where the firing rates are modulated over time is considered in the
next section. Another important factor in the analysis is the spike train length. Naturally, in
this scenario, the discrimination of the measures is expected to improve as the spike train length
is increased since more information is available. In practice, however, this value is often smaller
than one second. Thus, the value was chosen as a compromise between a reasonable value for
actual data analysis and good statistical illustration of the properties of each measure.

In our study, simulations were made for each dissimilarity measure utilizing each of the four
described kernels. In each case, the analysis was repeated for four kernel sizes, 10, 25, 50 and
100 milliseconds. The kernel sizes used were purposely chosen relatively large since firing rate
information can only be extracted at a slower time scale. The results are shown in figure 5 in
terms of mean values plus or minus one standard deviation, as estimated from 1000 randomly
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generated spike train pairs. For each pair, one of the spike trains was generated at a reference
firing rate of 20 spk/s, whereas the firing rate of the other was one of 2.5 to 40 spk/s, in steps of
2.5 spk/s.

Utilizing the estimated statistics, the discrimination provided by the measures was evaluated
in terms of the discrimination index ν (equation (17)) with regard to the results when both spike
trains have firing rate 20 spk/s. The results are shown in figure 6. The results for VP and
van Rossum’s distances reflect the importance of the choice of time scale, materialized in the
form of the kernel size selection. Only for the largest kernel size (100ms) did these two distances
behave as we intuitively expected. This is not surprising since discrimination can only occur if the
dissimilarity can incorporate an estimation of the firing rate in its evaluation. Even for this kernel
size the discriminant index curve shows a small bias towards smaller firing rates. This is natural
since the optimal kernel size is infinity, and smaller kernel size tends to result in bias related to the
total number of spikes. The discrimination behavior of the CS dissimilarity, however, seems nearly
insensitive to the choice of the kernel size. On the other hand, when the firing rate is above the
reference the outcome is not the desired. For lower firing rates, the positive discrimination index
is due to the presence of the norm of the spike train in the denominator of the definition. One of
the most remarkable observations is the consistency of the results for each measure throughout the
four kernels. Although there are subtle differences in values they seem to be of importance only
for small kernel sizes for which, as pointed out, the results are not significant anyway. Comparing
with the results for the CC dissimilarity we verify the resemblance with the CS dissimilarity. Like
the latter, the CC dissimilarity also is unable to correctly distinguish increases in firing rate of
one spike train with respect to the other.

4.2 Discrimination of phase in firing rate modulation

The scenario depicted in the previous paradigm is obviously simplistic. In this case study, an
alternative situation is considered in which spike trains must be discriminated through differences
in their instantaneous firing rates. Spike trains were generated as one second long inhomogeneous
Poisson processes with instantaneous firing rate given by sinusoidal waveforms of mean 20 spk/s,
amplitude 10 spk/s and frequency 1Hz. A pair of spike trains was generated at a time and the
phase difference of the sinusoidal waveforms used to modulate the firing rate of each spike train
varied from 0 to 360 degrees. The goal was to verify if the measures were sensitive to instantaneous
differences in the firing rate as characterized by the modulation phase difference. This too is a
simplification of what is often found in practice where firing rates change abruptly and in a
non-periodic manner. Nevertheless, the paradigm aims at representing a general situation while
simultaneously being restricted to allow for a tractable analysis.

Obviously, the results are somewhat dependent on our choice of simulation parameters. For
example, lower mean firing rates would mean that the dissimilarity measures would be less reliable
and, hence, have higher variance. This could be partially compensated by increasing the spike
train length. However, the above values are an attempt to approximate real data.

The simulation protocol is similar to that of the case analyzed in the previous section. For
each phase difference, we randomly generated 1000 spike train pairs such that the firing rate
modulation of the two spike trains differed by the phase difference and applied the dissimilarity
measures using each of the four described kernels. As before, the analysis was repeated for four

14
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kernel sizes, 10, 25, 50 and 100 milliseconds. Again, the kernel sizes used were chosen large
since firing rate information can only be extracted at a slower time scale. The statistics of the
dissimilarity measures are shown in figure 7.

The analysis of these results with the discrimination index ν with respect to the statistics
of each measure at zero phase is depicted in figure 8. In this paradigm, the maximum value of
the measures was desired to occur at 180◦, with a monotonically increasing behavior for phase
differences smaller and monotonically decreasing for phase differences greater. As figure 8 shows,
all measures performed satisfactorily using any of the four kernels and at any kernel size. The CS
dissimilarity has the best discrimination with the discrimination index reaching 0.8, compared to
a maximum value of 0.65 for the second best. On the other end, overall the CC-based dissimilarity
performed the worse. Comparing with the CS dissimilarity (which differs only because the spike
times are not quantized) we verify once again the disadvantages of doing binning. With regard
to the effect of each kernel, the Gaussian kernel consistently yields the best discrimination for
the same kernel size. Conversely, the Laplacian and rectangular kernels seem to perform the
worst, although this observation is largely measure dependent. As expected, and similarly to the
previous paradigm, the best discrimination is obtained for the largest kernel size since it yields a
better estimation of the intensity function. It is noteworthy, however, that in this paradigm the
kernel size cannot be chosen too large; otherwise, the intensity function would be over smoothed,
thus reducing the differentiation between phases and decreasing the discrimination performance.
This phenomenon was observed when we attempted a kernel size of 250ms (not shown).

4.3 Discrimination of synchronous firings

In this scenario we consider that spike trains are to be differentiated based on the synchrony
of neuron firings. More precisely, spike trains are deemed distant (or dissimilar) with regard to
the relative number of synchronous spikes. That is, dissimilarity measures are expected to be
inversely proportional to the probability of a spike co-occur with a spike in another spike train.
Unlike the previous two case studies where differences in firing rate were analyzed, this case puts
the emphasis of analysis in the role of each spike. Thus, since the time scale of analysis is much
more fine, the precision of a spike time has increased relevance. On the other hand, it must be
noted that in this case we consider synchrony in a more general sense than the usual concepts of
precision and reliability often utilized in temporal coding studies [19, 1, 31], and on which most
of the previous comparisons on spike train metrics have focused [18, 4, 28]. Rather, synchrony
refers here to spike trains with correlated spike firings. This is a more general paradigm which
allows one to obtain spike trains similar to those utilized in the previous studies if one considers
the cases with high correlation and low noise [19, 4]. The advantages of this approach is that
we can study the asymptotic behavior of the measures over a wide range of synchrony and noise
characteristics.

To generate spike trains with a given synchrony, the multiple interaction process (MIP) model
was used [38, 39]. In the MIP model a reference spike train is first generated as a realization
of a Poisson process. The spike trains are then derived from this one by copying spikes with
probability ε. The operation is performed independently for each spike and for each spike train.
Put differently, ε is the probability of a spike co-occurring in another spike train, and therefore
controls what we refer to as synchrony. It can also be shown that ε is the count correlation

17



0
0.

05
0.

1
0.

15
0.

2
20304050

sy
nc

hr
on

y

VP distance

T
ria

ng
ul

ar
 k

er
ne

l

0
0.

05
0.

1
0.

15
0.

2
20304050

sy
nc

hr
on

y

La
pl

ac
ia

n 
ke

rn
el

0
0.

05
0.

1
0.

15
0.

2
20304050

sy
nc

hr
on

y

G
au

ss
ia

n 
ke

rn
el

0
0.

05
0.

1
0.

15
0.

2
20304050

sy
nc

hr
on

y

R
ec

ta
ng

ul
ar

 k
er

ne
l

0
0.

05
0.

1
0.

15
0.

2
10152025

sy
nc

hr
on

y

van Rossum’s distance

0
0.

05
0.

1
0.

15
0.

2
10152025

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

10152025

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

10152025

sy
nc

hr
on

y

0
0.

05
0.

1
0.

15
0.

2
0.

6

0.
7

0.
8

0.
91

sy
nc

hr
on

y

CS dissimilarity

0
0.

05
0.

1
0.

15
0.

2
0.

6

0.
7

0.
8

0.
91

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0.
6

0.
7

0.
8

0.
91

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0.
6

0.
7

0.
8

0.
91

sy
nc

hr
on

y

0
0.

05
0.

1
0.

15
0.

2
0.

6

0.
7

0.
8

0.
91

sy
nc

hr
on

y

CC dissimilarity

0m
s

3m
s

6m
s

9m
s

12
m

s

15
m

s

F
ig

ur
e

9:
V

al
ue

of
th

e
di

ss
im

ila
ri

ty
m

ea
su

re
fo

r
ea

ch
ke

rn
el

as
a

fu
nc

ti
on

of
th

e
sy

nc
hr

on
y

am
on

g
sp

ik
e

tr
ai

ns
.

T
he

st
at

is
ti

cs
w

er
e

es
ti

m
at

ed
ov

er
10

00
ra

nd
om

ly
ge

ne
ra

te
d

pa
ir

s
of

sp
ik

e
tr

ai
ns

si
m

ul
at

ed
w

it
h

M
IP

m
od

el
an

d
av

er
ag

e
fir

in
g

ra
te

20
sp

k/
s.

T
he

ke
rn

el
si

ze
w

as
2m

s.
T

he
di

ffe
re

nt
cu

rv
es

sh
ow

th
e

re
su

lt
s

un
de

r
di

ffe
re

nt
le

ve
ls

of
jit

te
r

st
an

da
rd

de
vi

at
io

n,
w

it
h

th
e

va
lu

e
gi

ve
n

in
th

e
le

ge
nd

.

18



0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

VP distance

T
ria

ng
ul

ar
 k

er
ne

l

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

La
pl

ac
ia

n 
ke

rn
el

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

G
au

ss
ia

n 
ke

rn
el

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

R
ec

ta
ng

ul
ar

 k
er

ne
l

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

van Rossum’s distance

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0

0.
51

1.
52

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0

0.
51

1.
52

sy
nc

hr
on

y

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

CS dissimilarity

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0

0.
51

1.
52

sy
nc

hr
on

y
0

0.
05

0.
1

0.
15

0.
2

0

0.
51

1.
52

sy
nc

hr
on

y

0
0.

05
0.

1
0.

15
0.

2

0

0.
51

1.
52

sy
nc

hr
on

y

CC dissimilarity

0m
s

3m
s

6m
s

9m
s

12
m

s

15
m

s

F
ig

ur
e

10
:

D
is

cr
im

in
an

t
in

de
x

of
th

e
di

ss
im

ila
ri

ty
m

ea
su

re
s

fo
r

ea
ch

ke
rn

el
in

te
rm

s
of

th
e

sy
nc

hr
on

y
be

tw
ee

n
th

e
sp

ik
e

tr
ai

ns
as

gi
ve

n
by

fig
ur

e
9.

T
he

di
ffe

re
nt

cu
rv

es
ar

e
fo

r
di

ffe
re

nt
st

an
da

rd
de

vi
at

io
ns

(s
ho

w
n

in
th

e
le

ge
nd

)
of

th
e

jit
te

r
no

is
e

ad
de

d
to

th
e

sy
nc

hr
on

ou
s

sp
ik

es
.

19



coefficient [38]. The resulting spike trains are Poisson processes. By generating the reference
spike train with firing rate ελ it is ensured that the derived spikes trains have firing rate λ. To
make the simulation more realistic, jitter noise was added to each spike time to recreate the
variability in spike times often encountered in practice, thus making the task of finding spikes
that are synchronous more challenging. Jitter noise was generated as independent and identically
distributed zero-mean Gaussian noise.

For each combination of synchrony and jitter standard deviation, 1000 spike trains pairs were
generated, and the dissimilarity measures in terms of the four different kernels were evaluated. All
spike trains were one second long and the firing rate 20 spk/s, the same reasons mentioned for the
previous paradigms. The kernel size for the results shown was 2ms. The kernel size was chosen
small since in this scenario the characterizing feature is synchronous firings. Obviously, one could
search over the kernel size, which would provide information about the inherent timescale of the
spike firings [1, 40, 28]. However, it is not done here since it would add a third dimension to
our experiment and significantly complicate the analysis of the results. The results are shown in
figure 9. The discrimination index ν shown in figure 10 quantifies the discrimination with regard
to the distribution of the measure values without synchrony. Simply put, the goal was to find
which measure would better improve its discrimination as the synchrony is increased.

From figure 10, the CS and CC dissimilarities have notably better discrimination ability than
VP and van Rossum’s distance. A similar result had been obtained by [28] in a specific dataset, and
which we show here to be a general properties of metrics of this form. In spite of the formulation of
the VP and van Rossum distances as a coincidence detectors, these results show the importance
of the normalization in dCS and dCC for measuring synchrony. Basically, while the VP and
van Rossum distances measure the overall dissimilarity, the CS and CC dissimilarities normalize
by the norm of the spike trains, providing a measure of dissimilarity “per spike,” which more closely
matches the concept of synchrony as the probability of synchronous spikes. The results also reveal
that the CS dissimilarity is more consistent than the CC dissimilarity since its discrimination
decreases in a more graded manner with the presence of variability in the synchronous spike
times (even for the same kernel function). This is due to the time quantization effect associated
with binning in the CC dissimilarity. The VP and van Rossum’s distances have comparable
discrimination ability. Comparing the measurements in terms of the kernel functions, it was
found that the Laplacian kernel provides the best results, followed by the triangular kernel. This
was to be expected since this kernel “rewards” perfectly synchronous spikes and heavily penalizes
others, thus focusing on synchronous firings and minimizing the interference of uncorrelated spikes
in the distance. Nevertheless, the advantage between different kernels is small.

5 Conclusion

In this paper we compare several binless spike train measures presented in the literature for their
discrimination ability. Given the wide use of these measures in spike trains analysis, classification
and clustering, this study provides a systematic evaluation of the discrimination characteristics,
fundamental for understanding the behavior of each measure and deciding which might be more
appropriate taking the intended aim into consideration. Accordingly, the measures were com-
pared in three experiments with the information for discrimination contained in average firing
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rates, instantaneous firing rates, and synchrony, covering a broad spectrum of spike encoding
theories. These experiments were designed to recreate potential hypothesis testing scenarios that
one may want to test in practice using real spike trains, although they are unavoidably simplified
approximations.

The results reveals that no single measure performs the best or consistently throughout all three
paradigms. For instance, although the VP and van Rossum distances have better discrimination
in the constant firing rate paradigm, they are outperformed in the synchrony-based discrimination
task by the CS and CC dissimilarities. On the other hand, the results of the latter measures are
not at all consistent in the first paradigm, mostly because of their instability for a small number of
spikes. Nevertheless, all measures performed consistently and comparably in the second paradigm,
in terms of modulation of the instantaneous firing rates.

One of the most important findings in this study was that in some situations the measures
did not perform consistently with our expectations for the experiment. This was observed with
all the measures in the first paradigm. The results for the VP or van Rossum’s distance are
inconsistent for small kernel sizes (figure 6). Since the paradigm required sensitivity to firing rate,
this was to be expected, but the results alert for the need to select an appropriate kernel size.
The results became consistent once the kernel size was at least equal to the average inter-spike
interval (50ms in this case), which indicates that for these tasks one should choose a kernel size
at least inversely proportional to the maximum firing rate. On the other hand, using the CS or
CC dissimilarities the results in the first paradigm were inconsistent regardless of the kernel size
(figure 6). Although the normalization proved helpful in the third paradigm (and it is beneficial
for small firing rates in the first paradigm), it causes the dissimilarities to continue decreasing
even as the firing rate of the second spike train keeps increasing above that of the reference spike
train. Even though one could argue that the first paradigm is perhaps the least representative
of a practical situation, based on these results we recommend caution when attempting to utilize
these measures to quantify the information in spike trains, as these outcome may be severely
underestimated.

An intriguing but not entirely surprising result is that, although the VP and van Rossum
distances yield quite different results at times, as noticed clearly in figures 5 and 7, their discrimi-
nation was comparable in all paradigms (see figures 6, 8 and 10). The similarity in their definition
and between their values had already been noted [16, 27], but it is shown here to translate as
well in terms of discrimination ability. However, it must be remarked that in all the paradigms
the spike trains were modeled as realizations of Poisson processes, and therefore we cannot infer
if this still holds for spike trains from more general point process models.

More than a direct comparison of the measures in their published form, we considered also
the effect of the kernel function utilized. Hence, we briefly summarized how each measure can ac-
commodate different kernel functions in their evaluation. Nevertheless, the results reveal that the
dependence of the measures on a specific kernel is minor. Still, the Gaussian kernel performs the
best for firing rate paradigms, whereas the Laplacian kernel performed the best in the synchrony
paradigm. On the other extreme, the rectangular kernel performed the worst.

Finally, the results depict the importance of binless spike train measures. As stated earlier,
the only difference between the CS dissimilarity evaluated with the rectangular kernel and the CC
dissimilarity is the time quantization incurred with binning. Comparing the results in these two
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situations in figures 8 and 10 shows that small improvements in discrimination and robustness to
jitter noise were achieved in the first and second cases, respectively, by utilizing the spike times
directly.
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